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Background: Nuclear matter fourth-order symmetry energy Esym,4(ρ) may significantly influence
the properties of neutron stars such as the core-crust transition density and pressure as well as the
proton fraction at high densities. The magnitude of Esym,4(ρ) is, however, largely uncertain.
Purpose: Based on systematic analyses of several popular non-relativistic energy density func-
tionals with mean-field approximation, we estimate the value of the Esym,4(ρ) at nuclear normal
density ρ0 and its density dependence, and explore the correlation between Esym,4(ρ0) and other
macroscopic quantities of nuclear matter properties.
Method: We use the empirical values of some nuclear macroscopic quantities to construct model
parameter sets by Monte Carlo method for four different energy density functionals with mean-field
approximation, namely, the conventional Skyrme-Hartree-Fock (SHF) model, the extended Skyrme-
Hartree-Fock (eSHF) model, the Gogny-Hartree-Fock (GHF) model, and the momentum-dependent
interaction (MDI) model. With the constructed samples of parameter sets, we can estimate the
density dependence of Esym,4(ρ) and analyze the correlation of Esym,4(ρ0) with other macroscopic
quantities.
Results: The value of Esym,4(ρ0) is estimated to be 1.02±0.49 MeV for the SHF model, 1.02±0.50
MeV for the eSHF model, 0.70 ± 0.60 MeV for the GHF model, and 0.74 ± 0.63 MeV for the MDI
model. Moreover, our results indicate that the density dependence of Esym,4(ρ) is model dependent,
especially at higher densities. Furthermore, we find that theEsym,4(ρ0) has strong positive (negative)
correlation with isoscalar (isovector) nucleon effective mass m∗s,0 (m
∗
v,0) at ρ0. In particular, for the
SHF and eSHF models, the Esym,4(ρ) is completely determined by the isoscalar and isovector nucleon
effective masses m∗s(ρ) and m
∗
v(ρ), and the analytical expression is given.
Conclusions: In the mean-field models, the magnitude of Esym,4(ρ0) is generally less than 2 MeV,
and its density dependence depends on models, especially at higher densities. Esym,4(ρ0) is strongly
correlated with m∗s,0 and m
∗
v,0.
PACS numbers: 21.65.Ef, 21.60.Jz, 21.30.Fe
I. INTRODUCTION
The equation of state (EOS) of isospin asymmetric
nuclear matter E(ρ, δ), defined as the binding energy
per nucleon, is one of fundamental issues in both nu-
clear physics and astrophysics [1–13]. In the widely-
used parabolic approximation, namely, E(ρ, δ) ≈ E0(ρ)+
Esym(ρ)δ
2, where ρ is the total nucleon density and
δ = (ρn − ρp)/ρ is the isospin asymmetry with ρn(p)
being the neutron (proton) density, the nuclear matter
symmetry energy Esym(ρ) determines the isospin depen-
dence of nuclear matter EOS. During the past decades, a
lot of work has been devoted to exploring the density de-
pendence of the Esym(ρ) from various aspects including
theory, experiment and astrophysical observation, and
significant progress has been made (see, e.g., Ref. [9]).
While the parabolic approximation has been shown to be
very successful, it breaks down in some special cases. For
example, in the study of neutron stars where the isospin
∗Corresponding author (email: lwchen@sjtu.edu.cn)
asymmetry δ could be close to unity, the higher-order
terms in δ presented in the EOS of asymmetric nuclear
matter, e.g., the fourth-order term Esym,4(ρ)δ
4 with the
Esym,4(ρ) denoted as the fourth-order symmetry energy,
may significantly affect the core-crust transition density
and pressure, the proton fraction in β-equilibrium neu-
tron star matter, and the critical density for the direct
Urca process which can lead to faster cooling of neutron
stars [14–19]. As clearly demonstrated in Ref. [16], the
reason why the core-crust transition density and pres-
sure are sensitive to the higher-order symmetry energies
(although they are quite small compared to the symme-
try energy Esym(ρ)) is mainly due to the fact that these
issues are related to the first- and second-order deriva-
tives of the energy with respect to the isospin asymmetry
δ. In addition, the higher-order symmetry energies may
have comparable magnitude compared with the Esym(ρ)
at higher densities, especially in the case for a softer sym-
metry energy Esym(ρ), and thus they may influence the
proton fraction in β-equilibrium neutron star matter at
higher densities (see, e.g., Refs. [14, 17]).
However, so far there are essentially no empirical in-
formation on the higher-order nuclear matter symmetry
2energies. For instance, some recent studies predict quite
different values of the fourth-order symmetry energy
Esym,4(ρ0) at nuclear normal (saturation) density ρ0.
While calculations using the non-relativistic mean-field
model [20, 21], the relativistic mean-field model [17] and
the chiral pion-nucleon dynamics [22] indicate that the
Esym,4(ρ0) is less than 2 MeV, a study within the quan-
tum molecular dynamics predicts Esym,4(ρ0) = 3.27 ∼
12.7 MeV depending on the interaction used [23]. In
Ref. [24], the kinetic part of Esym,4(ρ0) is predicted to
be 7.18 ± 2.52 MeV by considering the high-momentum
tail in the single-nucleon momentum distributions based
on an interacting Fermi gas model that could be due to
short-range correlations of nucleon-nucleon interactions.
Most recently, a significantly large value of Esym,4(ρ0) =
20.0±4.6 is estimated within an extended semi-empirical
nuclear mass formula [25] by analyzing the fourth-order
symmetry energy of finite nuclei [26–29] extracted from
nuclear mass data. Given such a large uncertainty, a
systematic study on the fourth-order symmetry energy is
therefore critically important, and this provides the main
motivation of the present work.
In this work, we employ four energy density function-
als within non-relativistic mean-field models to study the
value of the fourth-order symmetry energy at nuclear nor-
mal density as well as its density dependence. We find
in the four mean-field models the value of Esym,4(ρ0) is
generally less than 2 MeV, but the density dependence
of Esym,4(ρ) is model dependent. The correlations of the
Esym,4(ρ0) to other macroscopic quantities are also ex-
amined, and we find the Esym,4(ρ0) is strongly correlated
with the isocalar and isovector nucleon effective masses.
The paper is organized as follows. Section II intro-
duces the four energy density functionals within mean-
field models, i.e., the Skyrme-Hartree-Fock (SHF) model,
the extended Skyrme-Hartree-Fock (eSHF) model, the
Gogny-Hartree-Fock (GHF) model and the momentum-
dependent interaction (MDI) model, and gives the cor-
responding explicit expressions of the symmetry energy
and the fourth-order symmetry energy. In Section III,
we present results and discussions about the fourth-order
symmetry energy. Our conclusions are summarized in
Section IV.
II. MODEL AND METHOD
A. Characteristic parameters of asymmetric
nuclear matter
The EOS of isospin asymmetric nuclear matter can be
expanded as a power series of even-order terms in δ, i.e.,
E(ρ, δ) =E0(ρ) + Esym(ρ)δ
2 + Esym,4(ρ)δ
4 +O(δ6),
(1)
where E0(ρ) = E(ρ, δ = 0) is the EOS of symmet-
ric nuclear matter (SNM), and the symmetry energy
Esym(ρ) and the fourth-order symmetry energy Esym,4(ρ)
are given, respectively, by
Esym(ρ) =
1
2!
∂2E (ρ, δ)
∂δ2
∣∣∣∣
δ=0
, (2)
Esym,4(ρ) =
1
4!
∂4E (ρ, δ)
∂δ4
∣∣∣∣
δ=0
. (3)
The E0(ρ) can also be expanded, e.g., up to 3rd-order in
density, around nuclear saturation density ρ0 as
E0(ρ) = E0(ρ0) +
K0
2!
χ2 +
J0
3!
χ3 +O(χ4), (4)
where χ = (ρ−ρ0)/3ρ0 is a dimensionless variable charac-
terizing the deviations of the density from the saturation
density ρ0, E0(ρ0) is the binding energy per nucleon of
SNM at ρ0, and the well-known incompressibility coeffi-
cient K0 and the skewness coefficient J0 are given as
K0 = 9ρ
2
0
d2E0(ρ)
dρ2
∣∣∣∣
ρ=ρ0
, (5)
J0 = 27ρ
3
0
d3E0(ρ)
dρ3
∣∣∣∣
ρ=ρ0
. (6)
Similarly, around nuclear saturation density ρ0, the
Esym(ρ) can be expanded as
Esym(ρ) =Esym(ρ0) + Lχ+
Ksym
2!
χ2 +O(χ4), (7)
where the Esym(ρ0) is the symmetry energy at nuclear
saturation density ρ0, and the density slope parameter L
and the density curvature parameter Ksym are defined as
L = 3ρ0
dEsym(ρ)
dρ
∣∣∣∣
ρ=ρ0
, (8)
Ksym = 9ρ
2
0
d2Esym(ρ)
dρ2
∣∣∣∣
ρ=ρ0
. (9)
The parameters ρ0, E0(ρ0), K0, J0, Esym(ρ0), L, and
Ksym defined above are the lower order bulk parameters
that characterize quantitatively the EOS of asymmetric
nuclear matter around nuclear saturation density ρ0. In
particular, it has been shown in Ref. [30] that the three
parameters E0(ρ0), K0, and J0 can reasonably character-
ize the EOS E0(ρ) of symmetric nuclear matter up to a
density of 2ρ0 while the symmetry energy Esym(ρ) with
the density up to 2ρ0 can be nicely described by the three
parameters Esym(ρ0), L, and Ksym.
3B. The Skyrme-Hartree-Fock model
In the standard SHF model, nucleons generally interact
with each other through the so-called standard Skyrme
interaction (see, e.g., Ref. [31]), i.e.,
VSHF (r1, r2) = t0 (1 + x0Pσ) δ (r)
+
1
2
t1 (1 + x1Pσ)
[
k
′2δ (r) + δ (r)k2
]
+ t2 (1 + x2Pσ)k
′ · δ (r)k
+
1
6
t3 (1 + x3Pσ) [ρ (R)]
α
δ (r)
+ iW0σ ·
[
k
′ × δ (r)k
]
. (10)
where r = r1 − r2, R = (r1 + r2)/2, Pσ is the spin-
exchange operator, k = −i(∇1 −∇2)/2 is the relative
momentum operator, and k
′
is the conjugate operator of
k acting on the left, σ = σ1+σ2 is the Pauli spin opera-
tor, t0 ∼ t3, x0 ∼ x3 and α are Skyrme force parameters,
and W0 is the spin-orbit coupling constant. The EOS of
asymmetric nuclear matter can be written as
E(ρ, δ) =
3~2
10m
k2FF5/3
+
1
8
t0ρ [2 (x0 + 2)− (2x0 + 1)F2]
+
1
48
t3ρ
α+1 [2 (x3 + 2)− (2x3 + 1)F2]
+
3
40
ρk2F [t1 (x1 + 2) + t2 (x2 + 2)]F5/3
+
3
80
ρk2F [t2 (2x2 + 1)− t1 (2x1 + 1)]F8/3,
(11)
where m is the nucleon mass, kF =
(
3pi2
2 ρ
)1/3
is the
Fermi momentum of symmetric nuclear matter, and
Fx (δ) is expressed as
Fx (δ) =
1
2
[(1 + δ)
x
+ (1− δ)x] . (12)
In the SHF model, the nuclear symmetry energy is given
by
Esym(ρ) =
~
2
6m
k2F −
1
8
t0 (2x0 + 1)ρ
− 1
48
t3(2x3 + 1)ρ
α+1
− 1
24
[3t1x1 − t2 (4 + 5x2)] ρk2F ,
(13)
and the fourth-order symmetry energy is expressed as [20]
(Note: There are typos in the Esym,4(ρ) expression in
Ref. [20], namely, the ‘1’ and ‘2’ in Θsym,4 defined there
should be exchanged.)
Esym,4(ρ) =
~
2
162m
k2F
+
1
648
k2F [3t1 (1 + x1) + t2 (1− x2)] ρ.
(14)
C. The extended Skyrme-Hartree-Fock model
With the inclusion of additional zero-range density-
and momentum-dependent terms which effectively simu-
late the momentum-dependent three-body force [32–39],
the extended Skyrme interaction in the eSHF model has
the following form
VeSHF (r1, r2) = VSHF (r1, r2) +
1
2
t4 (1 + x4Pσ)
×
[
k
′
2ρβ
(
r1 + r2
2
)
δ (r) + δ (r)k2
]
+ t5 (1 + x5Pσ)k
′ · ργ
(
r1 + r2
2
)
δ (r)k.
(15)
Therefore, the present extended Skyrme interaction has
thirteen Skyrme parameters, i.e., t0 ∼ t5, x0 ∼ x5, α, β
and γ. The EOS of asymmetric nuclear matter can be
written as
E(ρ, δ) =
3~2
10m
k2FF5/3
+
1
8
t0ρ [2 (x0 + 2)− (2x0 + 1)F2]
+
1
48
t3ρ
α+1 [2 (x3 + 2)− (2x3 + 1)F2]
+
3
40
ρk2F [t1 (x1 + 2) + t2 (x2 + 2)]F5/3
+
3
80
ρk2F [t2 (2x2 + 1)− t1 (2x1 + 1)]F8/3
+
3
40
ρk2F
[
t4 (x4 + 2) ρ
β + t5 (x5 + 2)ρ
γ
]
F5/3
+
3
80
ρk2F
[
t5 (2x5 + 1)ρ
γ − t4 (2x4 + 1) ρβ
]
F8/3,
(16)
In the eSHF model, the symmetry enery is expressed as
Esym(ρ) =
~
2
6m
k2F −
1
8
t0 (2x0 + 1)ρ
− 1
48
t3(2x3 + 1)ρ
α+1
− 1
24
[3t1x1 − t2 (4 + 5x2)] ρk2F
− 1
24
[
3t4x4ρ
β − t5 (4 + 5x5) ργ
]
ρk2F ,
(17)
and the fourth-order symmetry energy is expressed as
Esym,4(ρ) =
~
2
162m
k2F
+
1
648
k2F [3t1 (1 + x1) + t2 (1− x2)] ρ
+
1
648
· 3t4 (1 + x4) k2F ρ1+β
+
1
648
t5 (1− x5) k2F ρ1+γ .
(18)
4D. The Gogny-Hartree-Fock model
In the GHF model, the Gogny interaction [40] is ex-
pressed as
V12(r) =
∑
i=1,2
(Wi +BiPσ −HiPτ −MiPσPτ ) e
−
r
2
µ2
i
+ t0 (1 + x0Pσ) ρ
α
(
~R
)
δ (~r1 − ~r2)
+ iW0σ ·
[
k
′ × δ (r)k
]
, (19)
where W1, B1, H1, M1, µ1, W2, B2, H2, M2, µ2, t0, x0
and α are 13 Gogny interaction parameters, and Pτ is
the isospin exchange operator. The Gogny interaction
has a zero-range density dependent term which is helpful
in reproducing saturation properties of nuclear matter,
together with a finite-range part modeled by two Gaus-
sian functions that can simulate the short- and middle-
range parts of nuclear forces. By using the Hartree-Fork
approach, the EOS of asymmetric nuclear matter with
Gogny interaction is expressed as [41, 42]
E (ρ, δ) =
3
5
~
2k2F
2m
1
2
[
(1 + δ)
5/3
+ (1− δ)5/3
]
+
1
2
∑
i=1,2
{[
π3/2µ3i
4
(4Wi + 2Bi − 2Hi −Mi) + 3
4
t0
]
ρ+
[
π3/2µ3i
4
(−2Hi −Mi)− 1
4
t0 (1 + 2x0) ρ
αi
]
ρδ2
}
+
1
2
∑
i=1,2
{
− 1√
π
(Wi + 2Bi −Hi − 2Mi) ·
[
1 + δ
2
(
2
(µiknF )
3 −
3
µiknF
− 2
(µiknF )
3 e
−q2 +
1
µiknF
e−q
2
+
√
πerf (µik
n
F )
)
+
1− δ
2
(
2
(µik
p
F )
3 −
3
µik
p
F
− 2
(µik
p
F )
3 e
−q2 +
1
µik
p
F
e−q
2
+
√
πerf (µik
p
F )
)]
+
1√
π
(Hi + 2Mi) g (µik
n
F , µik
p
F )
}
,
(20)
where g(x1, x2) can be written as
g (x1, x2) =
x21 − x1x2 + x22 − 2
x31 + x
3
2
e−
(x1+x2)
2
4 − 2x
2
1 + x1x2 + x
2
2 − 2
x31 + x
3
2
e−
(x1−x2)
2
4 −√πx
3
1 − x32
x31 + x
3
2
erf
(
x1 − x2
2
)
+
√
πerf
(
x1 + x2
2
)
.
(21)
In the GHF model, the symmetry energy is expressed as [41, 42]
Esym (ρ) =
~
2k2F
6m
− 1
8
t0 (1 + 2x0) ρ
1+α +
∑
i=1,2
{
1
72
√
π
[4 · 3 23
µikF
(2Bi − 2Hi − 4Mi +Wi)
(
e−k
2
Fµ
2
i − 1
)
+ 12kFµi (2Bi −Hi − 2Mi +Wi)
(
e−k
2
Fµ
2
i − 1
)
− 6k3Fµ3i (2Hi +Wi)
]}
,
(22)
and the fourth-order symmetry energy is expressed as
Esym,4 (ρ) =
~
2k2F
162m
+
1
324
√
π
∑
i=1,2
{
e−k
2
Fµ
2
i
[ 14
kFµi
(2Bi − 2Hi − 4Mi +Wi)− 2kFµi (10Hi + 20Mi − 7Wi − 14Bi)
− (7k3Fµ3i + 2k5Fµ5i ) (Hi + 2Mi −Wi − 2Bi) ]− [ 14kFµi (2Bi − 2Hi − 4Mi +Wi) +
(
8kFµi − k3Fµ3i
)
(Hi + 2Mi)
]}
.
(23)
E. The MDI model
In the MDI model, the interaction is the isospin- and
momentum-dependent MDI interaction, which is a gen-
eralized isospin-dependent version of the momentum-
dependent Yukawa interaction (MDYI) [43]. The MDI
interaction has been extensively applied in transport
5model simulations for heavy-ion collisions. The detail
can be found in Refs. [44–47]. The EOS of asymmetric
nuclear matter in the MDI model reads
E(ρ, δ) = Ek(ρ, δ) +
V (ρ, δ)
ρ
, (24)
where the kinetic energy contribution Ek(ρ, δ) can be ob-
tained as
Ek(ρ, δ) =
1
ρ
∫
d3~p
[
p2
2m
fn(~r, ~p) +
p2
2m
fp(~r, ~p)
]
=
4π
5mh3ρ
(p5F,n + p
5
F,p), (25)
and the potential energy density V (ρ, δ) can be expressed as
V (ρ, δ) =
Au(x)ρnρp
ρ0
+
Al(x)
2ρ0
(ρ2n + ρ
2
p) +
B
σ + 1
ρσ+1
ρσ0
(1 − xδ2) + 1
ρ0
∑
τ,τ ′
Cτ,τ ′
∫ ∫
d3pd3p′
fτ (~r, ~p)fτ ′(~r, ~p
′)
1 + (~p− ~p′)2/Λ2 . (26)
Here fτ (~r, ~p) =
2
h3Θ(pF,τ − p) is the nucleon phase space distribution function in nuclear matter at zero temperature
with pF,τ = ~(3π
2ρτ )
1/3 being the Fermi momentum of nucleons of isospin τ . Au(x), Al(x), B, Cl, Cu, Λ, x are model
parameters. The integral in Eq. (26) can be obtained analytically at zero temperature [48]. In the MDI model, the
symmetry energy can be expressed as [16, 20]
Esym(ρ) =
8π
9mh3ρ
k5F +
ρ
4ρ0
(Al −Au)− Bx
σ + 1
(
ρ
ρ0
)σ
+
Cl
9ρ0ρ
(
4π
h3
)2
Λ2
[
4k4F − Λ2k2F ln
4k2F + Λ
2
Λ2
]
+
Cu
9ρ0ρ
(
4π
h3
)2
Λ2
[
4k4F − k2F
(
4k2F + Λ
2
)
ln
4k2F + Λ
2
Λ2
]
,
(27)
and the fourth-order symmetry energy can be written as [20]
Esym,4(ρ) =
8π
35mh3ρ
k5F −
Cl
35ρ0ρ
(
4π
h3
)2
Λ2
[
7Λ2k2F ln
4k2F + Λ
2
Λ2
− 4
(
7Λ4k4F + 42Λ
2k6F + 40k
8
F
)
(4k2F + Λ
2)
2
]
− Cu
35ρ0ρ
(
4π
h3
)2
Λ2
[ (
7Λ2k2F + 16k
4
F
)
ln
4k2F + Λ
2
Λ2
− 28k4F −
8k6F
Λ2
]
.
(28)
F. Determination of interaction parameters
In the four mean-field models introduced above, one
can determine their model parameters using some macro-
scopic quantities whose empirical values and uncertain-
ties are available. This method has been successfully used
to construct interaction parameter sets for nuclear en-
ergy density functionals and to study the correlations of
experimental observables with these macroscopic quan-
tities [49–51]. Note that since the spin-orbit coupling
terms in the SHF, eSHF, GHF and MDI models are ir-
relevant for the properties of infinite nuclear matter, we
omit them in the following.
In the SHF model, the 9 interaction parameters x0,
x1,x2, x3, t0, t1, t2, t3 and α can be analytically expressed
in terms of 9 macroscopic quantities, namely, ρ0, E0(ρ0),
K0, Esym(ρ0), L, m
∗
s,0, m
∗
v,0, GS and GV [49]. Here
m∗s,0 = m
∗
s(ρ0) is the isoscalar nucleon effective mass at
ρ0, m
∗
v,0 = m
∗
v(ρ0) is the isovector nucleon effective mass
at ρ0, GS is the gradient coefficient, and GV is the sym-
metry gradient coefficient [49]. With these macroscopic
parameters, we can evaluate the Esym(ρ), Esym,4(ρ) and
other nuclear matter properties within the SHF model.
In the eSHF model, following Ref. [39], we set β = 1
and γ = 1 and select 13 macroscopic quantities ρ0,
E0(ρ0), K0, J0, Esym(ρ0), L, Ksym, m
∗
s,0, m
∗
v,0, GS , GV ,
GSV and G
′
0 [30, 39] to determine the 13 model param-
eters x0, x1, x2, x3, x4, x5, t0, t1, t2, t3, t4, t5 and α.
Here GSV is the cross gradient coefficient and G
′
0 is the
Landau parameter [39].
In the GHF model, we fix the five Gaussian function
parameters which are introduced to simulate the short-
range nuclear force, namely, W1 = −2047.16 MeV, B1 =
−1700.00 MeV, H1 = −2414.93 MeV, M1 = 1519.35
MeV, and µ1 = 0.8 fm, and these values are taken from
the parameter set D1N [52]. We note that choosing
the values of the five Gaussian function parameters from
other parameter sets (e.g., D1S [53]) does not change
6TABLE I: The empirical value (Emp.) with the correspond-
ing uncertainty (in one standard deviation) for chosen macro-
scopic quantities and the linear-correlation coefficient CAB
with Esym,4(ρ0) in the SHF model.
Quantity Emp. CAB
1 ρ0(fm
−3) 0.16 ± 0.01 -0.15
2 E0(MeV) −16.0 ± 1.0 0.00
3 K0(MeV) 230.0 ± 25.0 0.00
4 Esym(ρ0)(MeV) 32.3 ± 1.0 0.00
5 L(MeV) 45.2 ± 10.0 0.00
6 m∗s,0/m 0.7± 0.1 0.41
7 m∗v,0/m 0.6± 0.1 -0.85
8 GS(MeV · fm
5) 132.0 ± 30.0 0.00
9 GV (MeV · fm
5) 5.0 ± 75.0 0.01
TABLE II: Similar with TABLE I but in the eSHF model.
Quantity Emp. CAB
1 ρ0(fm
−3) 0.16 ± 0.01 -0.05
2 E0(MeV) −16.0± 1.0 0.00
3 K0(MeV) 230.0 ± 25.0 0.00
4 J0(MeV) −355.0 ± 95.0 0.01
5 Esym(ρ0)(MeV) 32.3± 1.0 0.00
6 L(MeV) 45.2 ± 10.0 0.00
7 Ksym(MeV) −100± 165 -0.01
8 m∗s,0/m 0.7± 0.1 0.39
9 m∗v,0/m 0.6± 0.1 -0.82
10 GS(MeV · fm
5) 132.0 ± 30.0 0.00
11 GV (MeV · fm
5) 5.0± 75.0 0.00
12 GSV (MeV · fm
5) −8.0± 20.0 0.00
13 G
′
0 0.8± 0.8 0.00
our conclusion. The other 8 parameters, i.e., W2, B2,
H2, M2, µ2, t0, α and x0 can be determined explic-
itly in terms of 8 macroscopic quantities, namely, ρ0,
E0(ρ0), K0, U0,1k, Esym(ρ0), L, m
∗
s,0, and m
∗
v,0, where
U0,1k = U(ρ0, EK = 1000 MeV) is the single-nucleon po-
tential at kinetic energy 1000 MeV in SNM at ρ0.
In the MDI model, the 8 macroscopic quantities ρ0,
E0(ρ0), K0, U0,1k, Esym(ρ0), L, m
∗
s,0 and m
∗
v,0 are used
to determine the 8 model parameters Au, Al, B, σ, Cu,
Cl, Λ, and x.
The empirical values together with their corresponding
uncertainties of the chosen macroscopic quantities for the
SHF, eSHF, GHF and MDI models are shown in Tables I,
II, III and IV, respectively. It should be pointed out that
the choose for the empirical values of the macroscopic
quantities in the four tables is somewhat arbitrary but
essentially reflect our current knowledge on these macro-
scopic quantities. Insignificant variation of these empiri-
cal values does not change our present conclusion. In par-
ticular, we adopt the value K0 = 230.0± 25.0 MeV to be
consistent with the constraints extracted from analyzing
experimental data on giant monopole resonances of heavy
TABLE III: Similar with TABLE I but in the GHF model.
Quantity Emp. CAB
1 ρ0(fm
−3) 0.16 ± 0.01 -0.07
2 E0(MeV) −16.0 ± 1.0 0.00
3 K0(MeV) 230.0 ± 25.0 0.00
4 Esym(ρ0)(MeV) 32.3 ± 1.0 0.00
5 L(MeV) 45.2 ± 10.0 0.00
6 m∗s,0/m 0.7 ± 0.1 0.59
7 m∗v,0/m 0.6 ± 0.1 -0.74
8 U0,1k(MeV) 55.0 ± 10.0 0.03
TABLE IV: Similar with TABLE I but in the MDI model.
Quantity Emp. CAB
1 ρ0(fm
−3) 0.16 ± 0.01 0.01
2 E0(MeV) −16.0 ± 1.0 0.00
3 K0(MeV) 230.0 ± 25.0 0.00
4 Esym(ρ0)(MeV) 32.3 ± 1.0 0.00
5 L(MeV) 46.0 ± 4.5 0.00
6 m∗s,0/m 0.7 ± 0.1 0.67
7 m∗v,0/m 0.6 ± 0.1 -0.70
8 U0,1k(MeV) 55.0 ± 10.0 0.03
nuclei [54–59]. The values Esym(ρ0) = 32.3 ± 1.0 MeV
and L = 45.2± 10.0 MeV are taken from the constraints
obtained in Ref. [50] by analyzing the isotope binding en-
ergy difference and neutron skin thickness, while the val-
uesm∗s,0/m = 0.7±0.1 andm∗v,0/m = 0.6±0.1 are chosen
to be consistent with the extraction from global nucleon
optical potentials constrained by world data on nucleon-
nucleus and (p,n) charge-exchange reactions [60, 61] (see
also Refs. [62, 63]). The value J0 = −355.0± 95.0 MeV
is taken from the estimate in Ref. [30] by a correlation
analysis method within SHF energy density functional,
and the empirical values GS = 132.0 ± 30.0 MeV · fm5,
GV = 5.0± 75.0 MeV · fm5, GSV = −8.0± 20 MeV · fm5
and G
′
0 = 0.8± 0.8 are taken from Refs. [39, 49]. For the
MDI and GHF models with momentum-dependent/finite
range interactions, the value U0,1k = 55.0±10.0 MeV for
the single-particle potential at kinetic energy 1000 MeV
in SNM at ρ0 is taken to be in agreement with the nu-
cleon optical potential extracted from the nucleon-nuclei
scattering by Hama at el. [64].
We would like to emphasize that here the uncertainty
for the macroscopic quantities corresponds to one stan-
dard deviation (i.e., 1σ), and as will be seen in the fol-
lowing, the value of each macroscopic quantity is actu-
ally obtained by Monte Carlo sampling according to a
Gaussian distribution with the mean value and standard
deviation equaling to its empirical value and uncertainty,
respectively. That means the values of the macroscopic
quantities can be significantly beyond the 1σ uncertain
region of their empirical values. For example, the value
Esym(ρ0) = 32.3 ± 1.0 MeV means that for 99.7% (3σ
7uncertain region) samples of parameter sets, the value of
Esym(ρ0) is in the range of 29.3 ∼ 35.3 MeV.
G. Statistical analysis
In this work, we use the standard statistical analysis
method to determine the uncertainty of Esym,4(ρ0) and
estimate its correlation with other macroscopic quanti-
ties. Following Ref. [65], by assuming that the value
of each macroscopic quantity follows a Gaussian dis-
tribution with the mean value and standard deviation
equalling to, respectively, its empirical value and uncer-
tainty as shown in Tables I, II, III and IV, we sample
randomly 0.1 million parameter sets for each mean-field
model using Monte Carlo method. For each sample of pa-
rameter set, the Esym,4(ρ0) can be evaluated, and thus we
can obtain the histogram of the Esym,4(ρ0) distribution
for each mean-field model using the corresponding 0.1
million samples of parameter sets. From the histogram,
we can obtain the mean value and standard deviation of
the Esym,4(ρ0).
The linear-correlation coefficient CAB between the
Esym,4(ρ0) (A) and a macroscopic quantity (B) can be
also estimated using the standard statistical method, i.e.,
CAB =
cov(A,B)
σ(A)σ(B)
, (29)
cov(A,B) =
1
N − 1
∑
i
(Ai − 〈A〉)(Bi − 〈B〉), (30)
σ(X) =
√
1
N − 1
∑
i
(Xi − 〈X〉)2, (X = A,B)(31)
〈X〉 = 1
N
∑
i
Xi, (i = 1, · · ·, N) (32)
where cov(A,B) is the covariance between A and B,
σ(X) is the standard deviation of X , 〈X〉 is the sam-
ple mean, and N is the sample number. We would like
to point out that the present estimate method of the
linear-correlation coefficient CAB is different from the co-
variance analysis method (see, e.g., Ref. [66]) where the
quantities are constrained by some experimental data,
but here the quantities are assumed to be independent
random variables with their values following a Gaussian
distribution.
III. RESULTS AND DISCUSSIONS
Figure 1 shows the histogram of the Esym,4(ρ0) value
with 0.1 million samples of different interaction param-
eter sets given by Monte Carlo method, for each energy
density functional, namely, the SHF model, the eSHF
model, the GHF model and the MDI model. One sees
that the histograms are very close to Gaussian distribu-
tion, and this is what we expect since the value of each
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FIG. 1: Histogram of the number of parameter sets as a func-
tion of the value of Esym,4(ρ0), from a sample of 0.1 million pa-
rameter sets for each model. The average values of Esym,4(ρ0)
are also shown.
macroscopic quantity we used to obtain the parameter
sets is randomly independent and follows a Gaussian dis-
tribution. With these samples of interaction parameter
sets, Esym,4(ρ0) are estimated to be 1.02 ± 0.49 MeV,
1.02± 0.50 MeV, 0.70± 0.60 MeV and 0.74± 0.63 MeV
in the SHF, eSHF, GHF and MDI models, respectively.
Here the uncertainty of Esym,4(ρ0) is the statistical stan-
dard deviation (i.e., 1-sigma) calculated by Eq. (31).
One can see that the average values of Esym,4(ρ0) in the
MDI and GHF models are smaller than those in the SHF
and eSHF models by about 0.3 MeV. Our results indicate
that the predicted Esym,4(ρ0) in the four non-relativistic
models are essentially less than 2 MeV (within about
3-sigma), which is consistent with results from the rela-
tivistic mean-field model [17] and the chiral pion-nucleon
dynamics [22].
Using the 0.1 million samples of different interaction
parameter sets for each energy density functional, we
also analyze the correlation between the Esym,4(ρ0) and
each macroscopic quantity. The resulting correlation co-
efficients CAB in the four mean-field models are shown
in Tabs. I, II, III and IV, respectively. It is interest-
ing to see that the Esym,4(ρ0) is positively correlated
to the m∗s,0 with the correlation coefficient CAB being
0.41, 0.39, 0.59 and 0.67 in the SHF, eSHF, GHF and
MDI models, respectively, while negatively correlated to
the m∗v,0 with CAB equaling to −0.85, −0.82, −0.74 and
−0.70, respectively. In addition, one can see a weak cor-
relation between Esym,4(ρ0) and ρ0. For the GHF and
MDI models, a weak correlation is also found to exist
between Esym,4(ρ0) and U0,1k. Otherwise, there is essen-
tially no correlation between the Esym,4(ρ0) and other
macroscopic quantities for all models considered here.
Very interestingly, for the SHF and eSHF models, we
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FIG. 2: (Color online) Density dependence of the fourth-order
symmetry enrgy Esym,4(ρ). The black stars with error bars
are the results in this work. For comparison, the predictions
of some typical interaction parameter sets in the literature,
i.e., SLy4 [68], SKa [69], MSL1 [50], BSk29 [38], eMSL07 [39],
eMSL09 [39], MDI with x = 1, 0,−1 [46], D1 [40], D1S [53],
and D1N [52], are also included for comparison.
find that the Esym,4(ρ) can be simply expressed as
Esym,4(ρ) =
~
2
162m
(
3π2ρ
2
) 2
3
[
3m
m∗v(ρ)
− 2m
m∗s(ρ)
]
. (33)
Using this formula, one can estimate the ratio of the cor-
relation coefficient between m∗s,0 and Esym,4(ρ0) to that
between m∗v,0 and Esym,4(ρ0) as
2
m2s,0
/ 3
m2v,0
≈ 1/2, which
is nicely consistent with the results in Tabs. I and II. In
the GHF and MDI models, the situation is much more
complicated, but the Esym,4(ρ0) also shows strong posi-
tive correlation with m∗s,0 and strong negative correlation
with m∗v,0. In addition, from Eq. (33), one can also eas-
ily understand why the values of Esym,4(ρ0) in the SHF
and eSHF models are generally less than 2 MeV. This is
because a larger Esym,4(ρ0) generally needs a very small
m∗v,0 but large m
∗
s,0, with which the models may fail to
describe some experimental data (see, e.g., Ref. [67]).
Indeed, we note that the large values of the Esym,4(ρ0)
shown in Fig. 1 (a) and (b) are from the samples of pa-
rameter sets with very small m∗v,0 but large m
∗
s,0. Our
results thus clearly demonstrate that the Esym,4(ρ0) is
strongly correlated with m∗v,0 and m
∗
s,0.
Similarly, the Esym,4(ρ) at other densities can also be
obtained with the 0.1 million samples of parameter sets
for each model, and the results are displayed in Fig. 2.
One can see that the average value of the fourth-order
symmetry energy always increases with increase of den-
sity and its density dependence is model dependent, es-
pecially at higher densities where the uncertainties are
large. In particular, at three times saturation density,
we obtain Esym,4(3ρ0) = 4.49 ± 3.09 MeV, 2.50 ± 6.76
MeV, 2.99± 3.52 MeV and 2.09± 2.78 MeV in the SHF,
eSHF, GHF and MDI models, respectively.
For comparison, we also show in Fig. 2 the results from
some typical interaction parameter sets, i.e., SLy4 [68],
SKa [69] and MSL1 [50] in the SHF model; BSk29 [38],
eMSL07 [39] and eMSL09 [39] in the eSHF model;
D1 [40], D1S [53] and D1N [52] in the GHF model; and
x = 0, 1,−1 [46] in the MDI model. It is seen that our
prediction is consistent with essentially all the typical
parameter sets considered here in 1-sigma uncertainty.
However, the D1N predicts a much softer Esym,4(ρ) at
high densities than our estimate for the GHF model. This
is due to the fact that the value of the single-nucleon
potential U0,1k = −24.05 MeV in D1N is much smaller
than the value of U0,1k = 55.0 ± 10.0 MeV extracted
from nucleon-nuclei scattering by Hama el at. [64] which
is used in Tabs. III and IV for the GHF and MDI models.
The different values of U0,1k make much difference in the
results of Esym,4(ρ) at high densities.
IV. CONCLUSION AND OUTLOOK
Within the framework of four energy density func-
tionals of non-relativistic mean-field models, namely, the
SHF, eSHF, GHF and MDI models, we have constructed
large samples of the parameter sets by using Monte Carlo
method and calculated the fourth-order symmetry energy
with these samples of parameter sets. We have found
that for these non-relativistic mean-field models, while
the magnitude of the fourth-order symmetry energy are
generally less than 2 MeV at nuclear saturation density,
its high-density behavior is model dependent and remains
largely uncertain.
Furthermore, by analyzing the correlation between the
Esym,4(ρ0) and other macroscopic quantities based on
the samples of parameter sets, we have found that the
Esym,4(ρ0) has a strong positive correlation with m
∗
s,0
and a strong negative correlation with m∗v,0. In particu-
lar, for the SHF and eSHF models, we have analytically
expressed the Esym,4(ρ) in terms of m
∗
s(ρ) and m
∗
v(ρ).
Our results suggest that in the non-relativistic mean-field
models, the m∗v,0 and m
∗
s,0 are the two key quantities to
control the value of Esym,4(ρ0), and the small values of
Esym,4(ρ0) observed in these models are mainly due to
the larger m∗v,0 values.
We would like to point out that one can also simi-
larly estimate the value of other macroscopic quantities
such as K(ρ), L(ρ), Esym(ρ) and so on, at other densi-
ties. In addition, it will be extremely interesting to study
the effects of nuclear short range correlations and tensor
forces on the Esym,4(ρ) within the framework of beyond
the mean-field approximation, and see whether a large
Esym,4(ρ) is allowed or not. This will be very helpful to
understand the properties of nuclear matter systems at
extreme isospin, such as neutron stars.
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